Quantum interference between energetically close states is theoretically investigated, with the state structure being observed via laser spectroscopy. In this work, we focus on hyperfine states of selected hydrogenic muonic isotopes, and on how quantum interference affects the measured Lamb shift. The process of photon excitation and subsequent photon decay is implemented within the framework of nonrelativistic second-order perturbation theory. Due to its experimental interest, calculations are performed for muonic hydrogen, deuterium, and helium-3. We restrict our analysis to the case of photon scattering by incident linear polarized photons and the polarization of the scattered photons not being observed. We conclude that while quantum interference effects can be safely neglected in muonic hydrogen and helium-3, in the case of muonic deuterium there are resonances with close proximity, where quantum interference effects can induce shifts up to a few percent of the linewidth, assuming a pointlike detector. However, by taking into account the geometry of the setup used by the CREMA collaboration, this effect is reduced to less than 0.2% of the linewidth in all possible cases, which makes it irrelevant at the present level of accuracy.
I. INTRODUCTION
Quantum interference (QI) corrections were introduced in the seminal work of Low [1] , where the quantum electrodynamics (QED) theory of the natural line profile in atomic physics was formulated. These corrections go beyond the resonant approximation and set a limit for which a standard Lorentzian line profile can be used to describe a resonance. Often referred to as nonresonant corrections [2] [3] [4] , they contain the full quantum interference between the main resonant channel and other non-resonant channels, which leads to an asymmetry of the line profile. Therefore, the fitting of spectroscopy data with Lorentzian profiles becomes ambiguous, since it leads to energy shifts that depend on the measurement process itself [2] [3] [4] [5] . A careful analysis of the limits of the resonance approximation is thus mandatory for high-precision optical and microwave spectroscopy experiments.
The first calculation of QI was made for the Lamb shift in hydrogen-like (H-like) ions and for the photon scatter- * pdamaro@fct.unl.pt † beatrice.franke@mpq.mpg.de ing case [1] . It was found to be relatively small, of the order of δ QI /Γ ≈ α(αZ) 2 , compared to the linewidth Γ. Here δ QI is the line shift due to QI, α is the fine structure constant and Z is the atomic number. Thus, for some time, little interest has been addressed to these corrections in optical measurements of H-like ions. Since the late 1990s, high-precision measurements of the 1s − 2s transition frequency in hydrogen renewed the interest in these corrections [6] [7] [8] . Numerous theoretical calculations of QI were then made for H-like ions [3, 4, 9, 10] with astrophysical interest [11] and application to laserdressed atoms [12] . QI has also been studied in other atomic systems and processes during the last decades, mainly because near and crossed resonances of hyperfine states can enhance the QI effects [13] [14] [15] . QI effects [16] [17] [18] [19] have been shown to be responsible for discrepant measurements of the helium fine structure [20, 21] and the lithium charge radii determined by the isotope shift [5] . The lithium experiment [5] gives a beautiful experimental demonstration of the geometry dependence of the QI effect. Very recently, QI effects in two-photon frequencycomb spectroscopy have been investigated, too [22] .
In this work, we calculate the QI shifts for 2s→2p transitions in H-like muonic atoms with hyperfine structure. The physical process considered here is the photon scattering of initial 2s states to final 1s states, with an in- 
(1) [23, 25] of the 2p states are given in Table I . The theoretical formalism used here can be traced back to recent works [5, 26, 27] . Hyperfine states in µ 1 H are separated by several hundred GHz [23, [28] [29] [30] , and have linewidths of a few tens of GHz [25] . Thus, it is expected that QI plays a small role and cannot be responsible for the so-called "proton radius puzzle", where a discrepancy of four linewidths was observed in the experiments of the Charge Radius Experiment with Muonic Atoms (CREMA) collaboration [31, 32] . Nevertheless, these systematics need to be carefully evaluated and quantified, since they have contributions similar to small QED corrections (e.g. sixth-order contributions [23] of ≈ 87 GHz and hence, it is expected that QI effects could be much higher.
II. THEORY
Photon scattering is a two-step process consisting of photon excitation with subsequent photon decay, which is formally equivalent to Raman anti-Stokes scattering. It is described by second-order theories (e.g. KramersHeisenberg formula [35] , or S-matrix [36] ), which overall converge to the following scattering amplitude (velocity gauge and atomic units) from initial to final states [26, 35, 36] ,
where |i , |ν , and |f represent the initial, intermediate and final hyperfine states of the muonic atom or ion. ω νi = E ν −E i is the transition frequency between |ν and |i . The dipole approximation, αp · ε γ (γ = 1, 2) is used, where, p is the linear momentum operator and ε γ is the incident (scattered) photon polarization. The summation over the intermediate states |ν runs over all solutions
(Color online) Adopted geometry for photon scattering of incident linear polarized photons with momentum k1 and polarization ε1 and scattered photon momentum k2, uniquely defined by θ. The scattered photon's polarization is not observed in our measurements and is thus not illustrated.
of the Dirac spectrum of the muonic atom (ion) with hyperfine structure. All states are considered with a welldefined total atomic angular momentum F , projection along the quantified axis m, and total orbiting particle angular momentum J [37] ; thus the contribution of offdiagonal terms (mixing between the 2p
1/2 and 2p
states) [38] is considered null. Γ ν is the full width at half maximum for an isolated Lorentzian line of the excited state, where we assume Γ 2p F j ≡ Γ 2p . The incident photon energies studied in this work comprise the near-resonant region of the 2s → 2p transitions. This includes only the resonances illustrated in Fig. 1 . Hence, we restrict the summation ν to the 2p states of the terms ω 2s2p −ω 1 [first part of the right side of Eq. (1)].
Energy conservation leads to E i − E f = ω 2 − ω 1 [26] between the initial (E i ) and final (E f ) energy states and the energy of the incident (ω 1 ) and scattered (ω 2 ) photons; thus only one of the photon energies is independent. Using this relation, it is convenient to introduce the energy sharing parameter u = ω 1 /ω r defined by the fraction of the incident photon energy relative to the lowest resonant energy ω r of a given muonic atom with initial F i (see Fig. 1 ).
Motived by the experimental configuration, we consider incident photons having linear polarization and non-observation of scattered photon's polarization, as illustrated in Fig. 2 [39] . If we define the scattering plane, containing both photon momenta (k 1 and k 2 ), then a single polar angle θ is sufficient for describing the angular distribution of k 2 .
The corresponding differential cross section of the amplitude in Eq. (1) for all the mentioned approximations is given by [36] 
, it is assumed that the initial state of the atom is unpolarized and that the level and magnetic sublevels of the final state, as well as the scattered photon's polarization (ε 2 ) remains unobserved in the scattering process. D F mJ F m J are the dipole matrix elements (length gauge). Equation (2) can be further rearranged as a sum of Lorentzian components Λ FiFν JiJν (θ, χ), and cross terms Ξ FiFν F ν JiJν J ν (θ, χ), similar to Ref. [5] . For our particular geometry and atomic system, the result is given by
where the second summation over F ν and J ν runs for non-repeated values of F ν and J ν of the first summation.
The quantities defined by The differential cross section of Eqs. (2) and (3) contains a coherent summation over resonant excitation channels; thus it takes into account channel-interference between neighboring resonances. However, as can be observed in Eq. (3), if cross terms Ξ were removed, it reduces to an incoherent sum of independent Lorentzian profiles. The QI effects are thus included in those cross terms.
III. RESULTS AND DISCUSSION
In this section, we present and discuss results for the QI contribution in several muonic atoms taking into account Eqs. (3) and (4), first assuming a pointlike detector and later the CREMA geometry. The influence of the geometric and polarization conditions on the QI is well described in Ref. [5] and is reproduced in the present work. We thus restrict our geometrical settings to the perpendicular observation (θ = 90 o ) of scattered photons and to the case of horizontally and vertically polarized photons with respect to the scattering plane (χ = 0 o and χ = 90 o ). Figure 3 displays the scattering cross section for the 2s → 2p → 1s processes in µ 1 H and µ 2 H, on one hand, having the full coherent summation of Eq. (2) (i.e. with QI), on the other hand, having the summation restricted to only the Lorentzian terms [neglecting cross-terms in Eq. (3)]. The peaks correspond to the respective transitions shown in Fig. 1 . As it is observed, the influence of QI is more noticeable in regions between resonances, where no dominant excitation channels exist. Close to resonances, the influence of QI is approximately equivalent to shifting the peak position, as shown in the zoom plot of Fig. 3 .
We determine this shift in each resonance by generating a pseudo spectrum that follows the theoretical profile of Eq. (3) and fitting it with an incoherently sum of Lorentzians (as performed in the data analysis of the CREMA experiments). Fits are done using the ROOT/MINUIT package [40] . All fit parameters (position, amplitude, and linewidth) are free fit parameters for each transition. The fit range is chosen sufficiently large, such that the fit results do not depend on it. The shifts of the fitted resonance position, δ QI , normalized to Γ 2p , for each resonance and muonic atoms are given in Table II . Overall, with the exception of some resonances in µ 2 H, QI produces relative shifts δ QI less than 3% of Γ 2p . For µ 1 H and µ 3 He + , the shifts are of the order of ∼ 0.2% − 1.7% (∼36 MHz−310 MHz) and ∼ 0.2% − 3.2% (∼ 0.6 GHz−10 GHz) of their linewidths, respectively.
The observed discrepancy (proton radius puzzle) of ∼ 75 GHz (0.31 meV) [31, 32] at the 2p F =2 3/2 resonance corresponds to 4 linewidths. Hence, it is much larger than any possible QI contribution. Moreover, this resonance is ∼7 times more intense than the closest resonance 2p F =1 3/2 (see Fig. 3 ), which minimizes the QI shift in this resonance. The values presented in Table II in µ 2 H are more sensitive to QI effects not only due to their close proximity (87 GHz), but also due to the intensities being comparable within a factor of ∼0.7.
In this case, the QI shifts can be up to 12% of Γ 2p (∼ 2 GHz). Applying the previously calculated cross sections to the geometry of the CREMA setup leads to considerable cancellations of the quantum interference effect. Figure 4 sketches the experimental geometry. Muonic atoms (ions) are formed in an elongated gas volume of 5×12×190 mm 3 that is illuminated from the side using a pulsed laser [41, 42] and a multipass cavity [43] . The 2p → 1s photons emitted after laser-induced 2s → 2p transitions are detected by two x-ray detectors (14×150 mm 2 active area each) [44] [45] [46] ] placed 8 mm above and below the muon beam axis.
The simplest situation is that the 2s → 2p excitation happens in the center of the target (red circle in Fig. 4) , and the resulting k 2 photon is detected in the center of the top detector (black circle). This corresponds to the pointlike detector case of θ = 90
• and χ = 90 Table II) .
However, the 2s → 2p excitation takes place anywhere in the muon stop volume, and the photons of the 2p → 1s decay are detected anywhere on the detectors surfaces. We consider here the laser's propagation (k 1 ) and polarization (ε 1 ) directions being along e 1 and e 3 , respectively. Integrating Eq. (3) over all possible angles χ accepted by the detector, while averaging over the muon stopping volume results in a considerable reduction of the observed QI effect. Again, we create pseudo data for the real geometry, fit the resonances with a simple sum of Lorentzians, and determine the resulting shift δ * QI of the line centers. We notice that taking into account the scattered photons at θ = 90
• and also the inhomogeneous muon stop probability, hardly affects the final results. As can be seen in Table II , these shifts are much lower than the experimental accuracy of a few % of the linewidth for all muonic atoms considered here [31, 32] .
IV. CONCLUSION
We quantified the line shift caused by quantum interference for µ 1 H, µ 2 H and µ 3 He + resonances, assuming first a pointlike detector. For µ 1 H, the resulting shifts are small. Hence, quantum interference cannot be the source of the proton radius puzzle, which requires a shift of the resonance in µ 1 H by four linewidths [31, 32] . On the other hand, the influence of quantum interference for some resonances of µ 2 H can be as large as 12% of the linewidth for a pointlike detector.
However, we verified that even for those large QI shifts, obtained assuming a pointlike detector, the angular averaging caused by the large acceptance angle of the photon detector and the size of the muon stop volume in the CREMA experiment significantly reduces this effect to negligible values at the present level of accuracy. 
where β contains all additional quantum numbers of the atomic state besides F , m and J. Following the geometry and nomenclature of Fig. 2 , the spherical form of the (normalized) polarization vectors are given by
The matrix elements of r λ can be further simplified by making use of the Wigner-Eckart theorem [47] and considering the overall atomic state being the product coupling of the nucleus and electron angular momenta, i.e.,
Here, the quantities j 1 m j1 j 2 m j2 |j 3 m j3 stand for the Clebsch-Gordan coefficients. After employing sum rules of Clebsch-Gordan coefficients [47] , we get β F m J |r λ | βF mJ = (−1)
where the notation [j 1 , j 2 , ...] is equal to (2j 1 +1)(2j 2 +1)... . Since r λ does not act on the spin part of the wavefunction, the reduced matrix element J ||r λ ||J i is given by
provided that L + L + 1 is even, where L is the orbital angular momentum of the atomic state. Combining Eqs. (A4) and (A5) and rearranging the terms, the quantities S f νi and Ω (3) and (4) can be written as
and 
The functions R in Eq. (A6) stand for the radial nonrelativistic wavefunctions, which for the case of 2s → 2p → 1s gives the numerical result shown on the right side of Eq. (A6). The quantity m µn is the ratio between the muon-nucleus reduced mass and the electron mass. In case of incident linear polarized photons, the dipole radiation pattern of the scattered photon depends only on the angle γ between the incident polarization and the direction of the scattered photon, which is related to the previous angles by cos γ = cos χ sin θ. Λ FiFν JiJν (θ, χ) and Ξ FiFν F ν JiJν J ν (θ, χ) are parametrized in terms of this angle γ by a 0 + a 2 P 2 (cos γ) and b 2 P 2 (cos γ), respectively. The respective coefficients calculated using Eq. (A7) are listed in Table III. 
